Abstract. The present paper is devoted to the classification of irregular surfaces of general type with pg ≥ 3 and nonbirational bicanonical map. Our main result is that, if S is such a surface and if S is minimal with no pencil of curves of genus 2, then S is the symmetric product of a curve of genus 3, and therefore pg = q = 3 and K 2 = 6.
Introduction
It is well known that the bicanonical map of a curve of genus g ≥ 2 fails to be birational if and only if g = 2. This exception reproduces itself in dimension 2; namely if a surface S of general type has a pencil of curves of genus 2, i.e. it has a rational map to a curve whose general fibre F is irreducible of genus 2, then the line bundle O S (K S ) ⊗ O F is special on F , and therefore the bicanonical map φ of S cannot be birational.
We shall refer to the above exception to the birationality of the bicanonical map φ as the standard case. A non-standard case will be the case of a surface of general type S for which φ is not birational, but there is no pencil of curves of genus 2. Bombieri (see [B] , thm. 5) proved that if K 2 ≥ 10 and p g ≥ 6, then all surfaces for which φ is not birational present the standard case. He also gave an example (see [B] , pg. 194), already found by Du Val (see [D] ), of a minimal surface with K 2 = 9, p g = 6 exhibiting the non-standard case. Later on I. Reider proved in [R] that the hypothesis K 2 ≥ 10 alone ensures that one has a standard case if φ is not birational.
From these results it follows that there are only a finite number of families of minimal surfaces of general type presenting the non-standard case. It is a general paradigm in the theory of surfaces that one has good results holding for surfaces with sufficiently high values of the numerical invariants K 2 and p g . On the other hand, any theory must include results holding for many concrete interesting cases, and most frequently the surfaces one can encounter have small values of the numerical invariants. It therefore makes sense to try to completely classify the non-standard cases.
In the case, much more extensively treated by the classical geometers, of regular surfaces, i.e. those surfaces S with q := h 1 (S, O S ) = 0, an attempt to classify the non-standard cases with p g ≥ 2 was made by Du Val in [D] . In the recent paper [CFM] the non-standard cases with p g ≥ 4 were completely classified, essentially confirming Du Val's list. In particular, if p g ≥ 4 all non-standard cases have q = 0.
Also Xiao Gang (see [X1] ) studied the general problem of classifying the nonstandard cases, by taking the point of view of the projective study of the image of the bicanonical map. He thus determined some properties and found a list of numerical possibilities for the invariants of the cases which might occur.
The present article is devoted to the classification of the non-standard cases for irregular surfaces, and this is our main result: Theorem A. Let S be a minimal irregular surface with p g ≥ 3 for which the bicanonical map is not birational. Then S presents the non-standard case if and only if S is isomorphic to the symmetric product of a smooth irreducible curve of genus 3. In particular, p g = q = 3 and K 2 = 6.
Indeed, concerning surfaces with p g = q = 3 we obtain here some steps toward their classification, namely: Theorem B. Let S be a minimal surface with p g = q = 3. Then 6 ≤ K 2 ≤ 9, and K 2 = 6 if and only if S is isomorphic to the symmetric product of a smooth irreducible curve of genus 3. Moreover if S admits a morphism f : S → B to a smooth curve of genus b ≥ 1 with connected fibres of genus g, i.e. a so-called irrational pencil, then either b = 1 and g ≥ 3, or b = g = 2 and S has an unramified double cover which is the product of two smooth irreducible curves of genera 2 and 3. In the last case K 2 = 8, and this is the only standard case for p g = q = 3.
Concerning the non-standard case for irregular surfaces, the only other example we know of is the case of the double covering of a principally polarized abelian surface (A, Θ) branched along a divisor algebraically equivalent to 2Θ. We consider it very likely that this might be the only non-standard case for irregular surfaces with p g = 2.
The organization of the paper is as follows. In §0 we recall the many results and techniques which are systematically used in the proof but are not, in our opinion, necessarily well known to the algebraic geometer in the street. In particular we give complete proofs of some results about continuous systems of curves of low selfintersection on a surface, which are perhaps known to the experts but for which we could not find an appropriate reference. We mention that these results, which turn out to be essential to handle the cases q = 1, 2, seem to be susceptible of extensions and developments. In §1 we analyse the minimal non-standard cases S with K 2 = 9, p g ≥ 3, proving that such an S is isomorphic to the Du Val-Bombieri surface, which has q = 0. We use here a combination of Reider's method, as presented by Beltrametti and Sommese in [BS] , and a more refined analysis carried out in [CFM] . In §2 we prove that for q = 1, 2 only the standard case can occur. The main idea here is to consider the paracanonical system of the surface S, i.e. the family of curves which are algebraically equivalent to a canonical divisor of S, and the two related continuous systems given respectively by the fixed part F η and the movable part |M η | of |K S + η|, for η ∈ P ic 0 (S). Here we use the generic License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use
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vanishing of [GL] as well as the aforementioned results on continuous systems of low self-intersections, to deduce that, if φ is not birational, there is a pencil of curves of genus 2 on the surface. In §3 we concentrate on surfaces S with p g = q = 3, with particular attention to the structure of the Albanese map a : S → Alb(S). Standard inequalities concerning irrational pencils lead to the classification of those existing in our case. A key ingredient is proposition (3.1) relating the base point scheme for H 0 (S, Ω i S ), i = 1, 2. In the case where K 2 = 6 it follows that the map a is unramified on the canonical model of S (the proof is an easy consequence of proposition (3.1) if the canonical model is smooth; it is slightly more complicated otherwise). At this point we apply a beautiful theorem of Debarre's extending to abelian varieties the well known Fulton-Hansen connectedness theorem (see [De2] ). Debarre's result ensures that a is an embedding on the canonical model, whence the first part of theorem B follows easily. The remaining cases p g = q = 3, K 2 = 7, 8, need a more intricate analysis, which, roughly speaking, is divided into the following steps:
(i) The case when there is a fixed part F of |K S | can be excluded by a combinatorial and geometric analysis relying on the fact that rational curves on S are contained in F and they are very few (see [Mi] ).
(ii) If |K S | has no fixed component, then the bicanonical map has degree 2 and K 2 = 8, and the base point scheme of |K S | has degree 4. We use both the base point scheme and the involution provided by the bicanonical map in order to prove the existence of linear pencils of reducible canonical curves.
(iii) Finally we prove that the existence of these canonical pencils contradicts the geometrical information which we get from the Albanese morphism.
We should make one final comment on the differences between the irregular and the regular case. As the present paper illustrates, quite a variety of techniques must be used and are necessary in the irregular case. This contrasts with the regular case, where, as we shall see in a forthcoming paper, since the bicanonical system cuts out a complete series on the canonical curves, it suffices, for classification purposes, to establish the existence of pencils of reducible canonical curves.
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Notation and conventions
We will denote by S a projective algebraic surface over the complex field. Usually S will be smooth, minimal, and of general type.
We denote by K S , or simply by K if there is no possibility of confusion, a canonical divisor on S. As usual, for any sheaf F on S, we denote by h i (S, F ) the dimension of the cohomology space H i (S, F ), and by p g and q the geometric genus and the irregularity of S.
By a curve on S we mean an effective, nonzero divisor on S. We denote by p a (C) the arithmetic genus of C. We denote by C · D the intersection number of the divisors C, D on S, and by C 2 the self-intersection of the divisor C. We denote by ≡ the linear equivalence for divisors on S and by ∼ the numerical equivalence. |D| will be the complete linear system of the effective divisors D ≡ D, and φ D :
∨ the natural rational map defined by |D|. More generally, if L is a line bundle on a variety X and V ⊂ H 0 (X, L) is a nonzero subspace, we denote by |V | the linear system determined by V , and by |L| the complete linear system determined by L.
A base point p of a linear system C on a smooth surface S is said to be a base point of multiplicity h, or an h-tuple base point, if the general curve of C has multiplicity h at p. If h = 1, we say that p is a simple base point.
If p is a simple base point for C, it is said to be of species k, if two general curves of C have at p multiplicity of intersection equal to k. In other words, p is of species k if and only if C has k − 1 successive base points infinitely near to p. If k = 1, we say that p is simple and ordinary. Note that by blowing up a simple base point p of species k ≥ 2 of a linear system C on a surface S and by taking the strict transform C of C on the blown up surface S , the linear system C has a simple base point p of species k − 1 lying on the exceptional divisor E of S corresponding to p.
We will denote by φ the bicanonical map φ 2K . We will set Σ := φ(S) and, when Σ is a surface, we will denote by σ the degree of the map φ : S → Σ. If η is a point in P ic(S) and D is a divisor on S, we will briefly denote by D + η any divisor corresponding to the line bundle
We denote by ω X the dualizing sheaf for any variety X. We will denote by Alb(S), or simply by A if no confusion arises, the Albanese variety of S and by a : S → A the Albanese morphism.
The symbol denotes in general an isomorphism between objects under consideration.
Auxiliary results
In the present section we are going to recall a few facts which will be used in the rest of the paper.
Let S be a smooth projective surface, B a smooth projective curve of genus b. A surjective rational map f : S → B with connected fibres is called a pencil of genus b, or a genus b pencil, of curves on S. We refer to B as the base of the pencil and to the fibres of f as the curves of the pencil. We recall that all the curves of the pencil are linearly equivalent if and only if b = 0, in which case the pencil is called a rational pencil. If b > 0 one says that the pencil is an irrational pencil, and in this case f is a morphism. In particular, if b = 1 one says that the pencil is an elliptic pencil. We will usually denote by g the arithmetic genus of the fibres of f , and we will say that f : S → B is a pencil of curves of genus g.
(0.1) (Xiao, [X2] ). Let S be a minimal surface of general type and let |K| be composed with a pencil of genus b. Then either b = q = 1 or b = 0 and q ≤ 2.
(0.2) (Xiao, [X3] ). Let S be an irregular surface with Kodaira dimension κ ≥ 0. If S has a positive-dimensional linear system of curves whose general element is irreducible of geometric genus g, then 2q ≤ g + 1.
(0.3) (Pirola, [P] ). Let S be an irregular surface whose Albanese image is a surface. Then there is no rational system of hyperelliptic curves on S.
(0.4) (Debarre, [De1] ; Horikawa, [Ho] ). Let S be a minimal irregular surface of general type. One has:
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(0.5) (Green-Lazarsfeld, [GL] ; Beauville, [Be2] (Beauville, [Be1] , pg. 343; Barth-Peters-van de Ven, [BPV] , pg. 97). Let S be a minimal surface and let f : S → B be a genus b pencil of curves of genus g. Then
equality holding only if the curves of the pencil have constant modulus. Moreover, Proof. By Reider's results in [R] , we may assume that K 2 ≤ 9. The assertion follows from (0.6) and the fact that g ≥ 3, since we are assuming we are in the non-standard case. ♦ (0.8) (Miyaoka, [Mi] ). If S has nef canonical divisor and
where, with the usual notation for the type of a fundamental cycle (see [BPV] , pg.
77), one has
(0.9) (Ramanujam, [Ra] ; Catanese, [Ca] , remark 6.8). Let D be an effective, 1-connected curve on a smooth surface. If D has arithmetic genus g < q, by the exact sequence 
We notice that property (iv) of the decomposition in part (c) of the statement above is not contained in the statement of theorem (3.3) of [M] , but its proof easily follows from the same arguments used in that paper.
(0.13) (Beltrametti-Sommese [BS] ). Let L be a nef divisor on a surface S. Assume that L 2 ≥ 4k + 1. Given any 0-dimensional scheme Z of length k on S, then either the natural restriction map 
is not surjective;
Proof. For the proof we refer to [BS] . We will now prove a few results concerning families of curves on a surface, which we will need later. They are certainly known to the experts, but we prove them here for lack of references.
Let S be a smooth projective surface and let T be a connected scheme. Recall that a family of curves on S parametrized by T is an effective relative Cartier divisor C ⊂ T × S. We will refer to the family C → T if we want to put into evidence the parameter space T .
Let t ∈ T be any closed point and let Γ t be the fibre of pr 1 over t. Then C t := pr 2 (Γ t ) is a Cartier divisor on S which is called the curve of the family C parametrized by t. Notice that p a (C t ) and the numerical equivalence class of C t are independent on t ∈ T . If T is irreducible and t is a general point of T , we will say that C t is a general curve of C.
Given a family C → T of curves on S, we can consider the biggest subdivisor F of C not dominating S via the second projection pr 2 : C → S. The family F is constant, i.e. the curve F := F t is independent of t ∈ T , and it is called the fixed part of C, inasmuch as F is contained in any curve C t of the family C.
Given a family C → T as above, and given any point x ∈ S, we can consider the locus T x := {t ∈ T : x ∈ C t }, which has an obvious structure of closed subscheme of T . The family C x → T x induced by C on T x is the family of all curves in C passing through x. Notice that if T is irreducible and x is a general point of S, then any irreducible component of T x has codimension one in T .
As a particular case, we will consider the situation in which T is a subscheme of the Hilbert scheme of curves of given arithmetic genus g on S, and C → T is induced by the universal family. We will always consider the case in which T is a closed, reduced subscheme of the Hilbert scheme. In this case we will say that C → T is a system of curves on S. If T is irreducible of dimension r, we will say that the system of curves is irreducible of dimension r. Moreover we will say that the system is complete if T is an irreducible component of the Hilbert scheme. If S is a regular surface, then complete irreducible systems on S coincide with complete linear systems.
The r-dimensional system C → T is said to be composed with the r i -dimensional systems C i , i = 1, ..., h, if the general, or equivalently any, curve C of C can be expressed as C = C 1 + ... + C h , with C i a curve of C i , i = 1, ..., h. Notice that r ≤ r 1 + ... + r h and the equality holds if and only if the general curve C of C can be expressed as C = C 1 + ... + C h , with C i the general curve of C i , i = 1, ..., h. If in the above setting the curves C i of C i are the irreducible components of C, we will say that C is irreducibly composed with the systems C i , i = 1, ..., h. If in addition one has r = r 1 + ... + r h , then we will say that C is completely irreducibly composed with the systems
.., h, one says that C is composed with the system D. In particular if D is a base point free pencil, i.e. it is formed by the fibres of a surjective morphism f : S → B of S to a curve B, then any curve C of C is such that C 2 = 0. We are going to list in the following lemma a few basic properties of irreducible systems which have no fixed part. Before stating the lemma, we make a definition. Let B 1 , B 2 be smooth irreducible projective curves, and consider the product B 1 × B 2 . The two projection morphisms p i : B 1 × B 2 → B i give rise to two base point free pencils P i , i = 1, 2, on B 1 × B 2 . We call the curves of P i the i-th coordinate curves of B 1 × B 2 . We also notice the 2-dimensional system P of curves on B 1 × B 2 which is completely irreducibly composed with the systems P i , i = 1, 2. We will call P the system of pairs of coordinate curves of B 1 × B 2 . We have: (0.14) Lemma. Let C → T be an irreducible r-dimensional system of curves on a surface S and let C be the general curve of C. Suppose that C has no fixed part; in particular, r ≥ 1. Proof. Let C be the general curve of C. We write C = C 1 + ... + C h , h ≥ 1, where C 1 , ..., C h are the irreducible components of C. They all move, since C has no fixed component; therefore all of them are nef. Then
Hence C 2 ≥ 0, and C 2 = 0 if and only if C i · C j = 0 for all 1 ≤ i ≤ j ≤ h. So C 2 = 0 implies that all components of C describe, as C moves in C, one and the same base point free pencil, and C is composed with it. We have thus proved (i).
In order to prove (ii) we start by remarking that if r ≥ 2, if the general curve C of C is irreducible, and if x is a general point of S, then the subsystems of C x → T x induced on the irreducible components of T x all have no fixed part. In fact, any such irreducible component has dimension r − 1 ≥ 1 and parametrizes the general curve of C, which is irreducible.
Again let C = C 1 + ...+ C h , h ≥ 1, be the general curve of C, where C 1 , ..., C h are its irreducible components. As C describes C, the curve C i also varies, describing an irreducible system contained in some complete system C i of dimension r i , i = 1, ..., h. Since C has no fixed part, we have r i > 0, i = 1, ..., h. Since C is complete, it is completely irreducibly composed with the systems
If r i > 1 for some i = 1, ..., h, then for x general in S, all irreducible components of C i,x have no fixed part. This clearly yields the existence of irreducible components of C x with no fixed part. Hence if all irreducible components of C x have a fixed part, we must have r i = 1, i = 1, ..., h, and therefore h = r since r = r 1 + ... + r h . We have thus proved (ii).
To prove (iii), we notice that C · C i ≥ 0 for all i = 1, ..., r, since the C i 's are nef. If for some i = 1, ..., r one has C · C i = 0, then C i · C j = 0, for all j = 1, ..., r. Then C i is a base point free pencil and C is composed with it, which implies C 2 = 0. Otherwise we have C · C i > 0 for all i = 1, ..., h, which yields C 2 ≥ r. Assume C 2 = r ≥ 2. This means that C ·C i = 1 for all i = 1, ..., r. We claim that C 2 i = 0 for all i = 1, ..., r. Otherwise we have an i ∈ {1, ..., r} such that C 2 i = 1 and C i ·C j = 0, for all j = 1, ..., r, j = i, contradicting the index theorem. Furthermore, for any i = 1, ..., r, there is a unique j ∈ {1, ..., r}, j = i, such that C i · C j = 1, whereas (i) either C 2 = 0 or C 2 ≥ r − 1; (ii) one has C 2 = r − 1, with r ≥ 2, if and only if C is a complete, base point free, linear system |C| of curves of arithmetic genus zero such that the morphism φ |C| : S → Σ ⊆ P r is birational to its image Σ, which is a rational normal surface of degree r − 1.
Proof. Since C is nef, we have C 2 ≥ 0. Let us assume C 2 > 0. Assertion (i) is trivial if r = 1, and assertion (ii) is empty in that case. Hence we may assume C 2 ≥ 1 and r ≥ 2. If r = 2 then (i) is clear again. If C 2 = 1, we have that C is irreducible; otherwise by (0.15) we would have
is the tangent space to the Hilbert scheme of curves on S at the point representing C, and the Hilbert scheme, containing C, has dimension at least 2, one has h 0 (C, O C (C)) ≥ 2. Since C 2 = 1, we have that h 0 (C, O C (C)) = 2 and C is complete. Moreover C is rational and S, having a 2-dimensional system of rational curves with positive self-intersection, is rational. By looking at the exact sequence
we see that |C| is base point free of dimension 2; hence |C| coincides with C and (ii) easily follows in this case.
Let us now assume r ≥ 3 and argue by induction to prove (i) and (ii). Let x be a general point of S. By lemma (0.14, iii), we may assume that there is an irreducible component T
of T x such that the induced system C (1)
has no fixed part. Let µ ≥ 1 be the multiplicity at x of the general curve of C (1) x . Let p : S → S be the blow-up of S at x and let E be the exceptional divisor. Let us consider the strict transform C → T
on S , i.e. C is the system whose general curve is given by C = p * (C) − µE, where C is the general curve in C
(1)
x . We have that C is irreducible, of dimension r − 1 ≥ 2, and without fixed part, since C (1)
x has no fixed part and E also does not appear in its fixed locus. By induction we have either C 2 = 0 or C 2 ≥ r − 2. Suppose that C 2 = 0. Then C is composed with a pencil D whose general curve we denote by D. Hence the general curve C of C is of the form
Assume now that C 2 = r − 1, which in our setting yields C 2 = r − 2 and µ = 1. By induction, C is a complete, base point free linear system of curves of arithmetic genus zero on S , which is rational. So also S is rational. The general curve C of C is smooth, irreducible and rational, which implies that also the general curve C of C is smooth, irreducible and rational. By looking at the sequence (0.17) we see that C is a complete, base point free linear system |C| of curves of arithmetic genus zero on S. Finally, the last assertion about the map determined by |C| is clear. ♦ Next we are going to characterize the systems C as above for which C 2 = r. First we recall another definition. Given an irreducible 1-dimensional family C → T of curves on a surface S, the index ν := ν C of C is the degree of the second projection pr 2 : C → S, or, equivalently, the number of curves of C passing through the general point of S. Notice that ν = 0 if and only if pr 2 : C → S is not dominant, which never occurs if we consider a system. Moreover, ν = 1 if and only if C is birational to S, in which case there is a rational map f : S → T , i.e. a pencil, and C is clearly composed with the system of the fibres of f .
Let C be a smooth projective curve and let C (2) be its symmetric product, i.e. the Hilbert scheme of divisors of degree two on C. We denote by C x the curve on C (2) described by all divisors of the form x + y, when y varies in C. This is called a coordinate curve on C (2) . The system of coordinate curves on C (2) is 1-dimensional, of index two, parametrized by C.
(0.18) Proposition. Let C be an irreducible 1-dimensional system of curves on a smooth projective surface S, without fixed part. If the general curve C of C is such that C 2 = 1, then it is irreducible, smooth and: (i) either C is a subsystem of a complete, base point free, linear system |C| of dimension 2 such that the morphism φ |C| : S → P 2 is a sequence of blow-ups of the plane;
(ii) or C is a complete linear system with one transversal base point; (iii) or C has genus g > 0 and there is a birational map S → C (2) which sends C to the system of coordinate curves on C (2) .
Proof.
are the irreducible components of C. Using (0.15) we see that C 2 = 1 and h ≥ 2 contradict the index theorem. So C is irreducible.
The section of H 0 (C, O C (C)) corresponding to the infinitesimal deformation of C inside C is non-zero and it is well known to vanish at every singular point of C. Since C is irreducible and C 2 = 1, then C must be smooth. Suppose C is a subsystem of a linear system |C|. If |C| has a base point, we are in case (ii). Otherwise, by looking at the sequence (0.17), we see that |C| is base point free of dimension 2, its general curve C is smooth and rational, and we are in case (i).
Suppose that C is not a subsystem of a linear system, and let us prove that ν = 2. We have ν ≥ 2, because ν = 1 and C not a subsystem of a linear system forces C to be an irrational pencil, and then C 2 = 0, a contradiction. Suppose that ν ≥ 3. Let x be a general point of S and let C 1 , ..., C ν be the curves of C through x. By (0.10, b) one deduces that, for all i ∈ {1, ..., ν}, the curves C 1 , ..., C i−1 , C i+1 , ..., C ν are linearly equivalent. Since we are assuming ν ≥ 3, this yields that C 1 , ..., C ν are linearly equivalent, and this in turn implies that all curves in C are linearly equivalent, a contradiction.
Notice that C is base point free, as otherwise we would have ν = 1. Moreover C has genus g > 0, since we are assuming that C is not a subsystem of a larger linear system. Let C, C be two general curves of C. Let x be a general point of C and let D be the curve in C different from C through x. Let y be the intersection point of D with C . Hence we have a birational map x ∈ C → y ∈ C , i.e. C and C are isomorphic. Finally, let x be a general point in S and let C , C be the two curves in C passing through x. Let y and z be the intersection points of C and C with C. The map x ∈ S → y + z ∈ C (2) is the required birational map. ♦ Before proving our classification result for the systems C of dimension r with C 2 = r, we need one more lemma:
(0.19) Lemma. Let S be a smooth projective surface and let C be a smooth irreducible elliptic curve on S with C 2 = r > 0. Then S is birationally ruled, and C belongs to a unique irreducible complete r-dimensional system C of curves on S such that either:
(i) C is a linear system, or
(ii) q = 1 and C consists of a 1-dimensional system of complete linear systems of dimension r − 1.
Proof. First of all, K · C = −r implies S is birationally ruled. Since h 1 (C, O C (C)) = 0, the Hilbert scheme of curves on S is smooth of dimension h 0 (C, O C (C)) = r at C. Hence C belongs to a unique complete system C of dimension r. Suppose that C is not a linear system, so that h 0 (S, O S (C)) ≤ r. By looking at the sequence (0.17) we see that S must be irregular. But since C 2 > 0, the curve C dominates the image of the Albanese map, and therefore we have q = 1. The sequence (0.17) yields that |C| has dimension r − 1, proving (ii). ♦ Now we are ready to prove our classification theorem: (0.20) Theorem. Let C → T be an irreducible r-dimensional system of curves on a smooth projective surface S, without fixed part and such that the general curve C of C has C 2 = r ≥ 1 and arithmetic genus g. Then C is irreducible and smooth, and:
(i) either C is not complete, in which case C is a subsystem of a complete, base point free, linear system |C| of dimension r + 1 of curves with g = 0 such that the morphism φ |C| : S → Σ ⊆ P r+1 is a sequence of blow-ups of a rational normal scroll;
(ii) or C is complete, in which case either: (ii 1 ) C is a linear system; or (ii 2 ) r = 1, the curve C has genus g > 0 and there is a birational map S → C
which sends C to the system of coordinate curves on C (2) ; or (ii 3 ) r ≥ 2 and then either: (ii 3,1 ) g = r = 2 and there is a birational map S → A, where A Jac(C) is birational to C (2) , sending C to the system of theta divisors on A; or (ii 3,2 ) g = 1, the system C consists of a 1-dimensional system of complete linear systems of dimension r − 1 and there is a birational map S → C (2) ; or (ii 3,3 ) r = 2 and there is a birational morphism f : S → B 1 × B 2 , where B 1 , B 2 are smooth irreducible projective curves and f maps C to the system P of pairs of coordinate curves on
Proof. For r = 1 the assertion follows by proposition (0.18). If C is not complete the assertion follows by proposition (0.16). So we may assume r ≥ 2 and C complete.
Let x be a general point of S. If the systems induced by C x → T x on the irreducible components of T x all have a fixed part, we are in case (ii 3,3 ) by lemma (0.14, iii). So we may assume that there is an irreducible component T
has no fixed part. Let µ ≥ 1 be the multiplicity of the general curve of C (1) x at x. Let p : S → S be the blow-up of x and let E be the exceptional divisor. Let C be the strict transform of C (1)
where C is the general curve in C
x . If C 2 = 0 then, as we saw in the proof of proposition (0.16), we have C 2 ≥ (r − 1) 2 . When C 2 = r we must have r = 2. On the other hand we have 0 = C 2 = C 2 − µ 2 = 2 − µ 2 , a contradiction. So we have r − 2 ≤ C 2 = C 2 − µ 2 = r − µ 2 by proposition (0.16). Hence µ = 1 and C 2 = r − 1. By induction C is smooth and irreducible, hence so is C. Suppose C is a subsystem of a linear system. Then all curves in C (1) x are linearly equivalent. As x varies on S, the family C x , which sweep out the whole of C. Hence all curves of C are linearly equivalent and we are in case (ii 1 ).
So we may assume that C is not a subsystem of a linear system, so C is not a linear system. Take again a general curve C of C. By Hilbert scheme considerations, we have h
, then C would be rational and C and C would be subsystems of linear systems, a contradiction. Thus we have h 0 (C, O C (C)) = r. Since r ≥ 2, we have either r = 2 and C is hyperelliptic, or g = 1.
If g = 1 the first part of (ii 3,2 ) follows by lemma (0.19). As for the second part, it is immediately proved by induction, since it holds for r = 1 and the induction can be applied to C , proving that S , and therefore S, is birational to C (2) . Finally let us assume r = 2 and g ≥ 2. By proposition (0.18) we have a birational map f : S → C (2) sending C to the family of coordinate curves on C (2) . The map f cannot contract the exceptional divisor E, as otherwise the self-intersection of the images via f of the curves of C would be at least 2. Hence E is sent to a curve R representing all the divisors of degree 2 in a g 1 2 on C. For such a curve one has R 2 = 1 − g. Notice that f has no fundamental point on E; otherwise C (2) would contain some other rational curve besides R, which is impossible because there is no more than one g 1 2 on C. Hence we have R 2 = −1; thus g = 2. Furthermore, R is also an exceptional curve on C (2) and, by contracting it, we have the Abel-Jacobi morphism
yields the existence of a birational map S → A Jac(C) which sends the general curve C of C to the Abel-Jacobi image of C in A. This proves that we are in case (ii 3,1 Proof. Let C be the normalization of Γ. The morphism f induces a morphism φ : C → B of positive degree. The assertion follows by applying Hurwitz's formula to φ and by taking into account that b ≥ 1. ♦
In [R] I. Reider proved that if S is a minimal surface of general type with K 2 ≥ 10 and the bicanonical map is not birational, then S presents the standard case. He also remarks that the same holds even if K 2 = 9 unless the canonical system is numerically divisible by three. We can make this remark more precise in the case p g ≥ 3. Recall that a reduced curve C on a surface S has non-essential singularities if it has only A-D-E singularities (see [BPV] , pg. 87). We have the following:
(1.1) Proposition. Let S be a minimal surface of general type with K 2 = 9 and p g ≥ 3 such that the bicanonical map is not birational. Assume that S presents the non-standard case. Then p g = 6, q = 0, and S is the minimal model of a double cover ϕ : S → F 2 = P roj(O P 1 ⊕ O P 1 (−2)) with branch curve B sitting in the linear system |14F + 8C 0 |, where F is a fibre and C 0 is the (−2)-section of F 2 . Moreover the curve B breaks up as C 0 + B , where B is such that:
(ii) B is reduced and has at most non-essential singularities.
Proof. Let x, y be two general points of S such that φ(x) = φ(y). By (0.13) there is an effective divisor D on S such that x, y ∈ D and, moreover,
. As x and y vary, the divisor D also varies, describing an irreducible system D of curves on S, which has a movable part M and a fixed part
, and therefore we would have K · M = 2, i.e. S would present the standard case. Hence M 2 > 0, which implies, by the index theorem, 
Claim 3. The family D is a linear system of dimension 1 with a transversal base point p, and the bicanonical map φ is non birational on the curves of D. The first assertion follows by proposition (0.18). In fact the only other possibility would be that S is isomorphic to the symmetric product of a smooth curve of genus g, which is known to have p g = g(g−1) 2 , K 2 = 4g 2 − 13g + 9, and this is incompatible with our hypotheses p g ≥ 3 and K 2 = 9. The second assertion follows from the first and the fact that pairs of points (x, y) ∈ S × S such that φ(x) = φ(y) lie on curves of D.
Claim 4. Any irreducible curve D ∈ D is hyperelliptic. Let us consider the exact sequence
Since O D (K) has degree 3 and D has arithmetic genus 3, one has h 
, and the conclusion follows by (0.10, a).
Let σ : S → S be the blow-up of S at x and let E be the exceptional divisor. We denote by p : S → P 1 the morphism determined by the pull-back on S of the pencil D. Since every curve C ∈ D is 2-connected by claim 2 and h 0 (C, O C (2x)) ≥ 2 by semicontinuity, we have h 0 (C, O C (2x)) = 2 (see proposition (A.5) of the Appendix of [CFM] ). So the sheaf p * (O S (2E)) is a locally free sheaf of rank 2. Moreover we
, where e is a positive integer. As usual, we set F e = P roj(O P 1 ⊕ O P 1 (−e)); we denote by F a fibre of the structure map F e → P 1 , and by C 0 the curve of F e such that C 2 0 = −e. For every curve C ∈ P the sheaf O C (2x) is generated by global sections (see proposition (A.6) of the Appendix in [CFM] ). Hence the natural map p * p * (O S (2E)) → O S (2E) is surjective and defines a morphism π : S → F e over P 1 such that
The morphism π is generically finite of degree 2. Since π * (C 0 ) = 2E, the curve C 0 is a component of the branch locus of π and e = −C
and, by the ramification formula, the branch curve B of π sits in the linear system |14F + 8C 0 |. As we saw, B = C 0 + B , with B a curve, and we compute
; therefore q = 0 by (0.4, i). Since we are assuming K 2 = 9, there is no other possibility than the one above. ♦ We want to point out that the surface with p g = 6, K 2 = 9, presenting the nonstandard case, which we met in the statement of proposition (1.1), already appears in [D] as well as in [B] , pg. 193. Notice also that, with the above notation, one has h 0 (S, O S (2D)) = 4 and the map φ 2D is a morphism of degree two of S to a quadric cone Q in P 3 (see [CFM] , surface of type (H 1 ), §2).
2. The cases q = 1, 2
We recall that, in view of the quoted results of [CFM] , all non-standard cases with p g ≥ 4 have q = 0. Therefore in this section we may limit ourselves to the case p g = 3 and we will prove the following: (2.1) Proposition. Let S be a minimal surface of general type with 1 ≤ q ≤ 2 and p g = 3 such that the bicanonical map is not birational. Then S presents the standard case.
Before proving the proposition, we need some preliminaries. Let S be a minimal irregular surface of general type with p g = 3, such that the bicanonical map is not birational and S presents the non-standard case. By lemma (0.7), if q ≥ 2 we can exclude the existence of irrational pencils f : S → B of genus b ≥ 2. Hence the image of the Albanese map a : S → Alb(S) is a surface. If η ∈ P ic 0 (S) is a general point, one has h 1 (S, η) = 0 and dim|K + η| = χ(O S ) − 1 = 3 − q. This is a consequence of (0.5) if q ≥ 2, and it is obvious for q = 1.
If η ∈ P ic
0 (S), we will denote by C η a curve in |K + η|. Let us write |K + η| = F η + |M η |, where F η is the fixed part of |K + η| and |M η | is the movable part. We denote F η and M η by F and M if no confusion arises.
We will need the following: Proof. Assume that x ∈ C η . Then y ∈ C η +C −η ∈ |2K| for any curve C −η ∈ |K−η|. Since y does not lie in the base locus of |K − η|, we have that y / ∈ C −η for C −η general in |K − η|. Hence y sits on C η . ♦ The above claim certainly applies also to the case q = 3, but it could have empty meaning. In fact for η ∈ P ic 0 (S) general, there could be no pair of points x, y on S such that φ(x) = φ(y) and such that x lies on the unique curve in |K + η| while y does not lie on the unique curve in |K − η|. Now we can start the
Proof of proposition (2.1).
We argue by contradiction and assume that S presents the non-standard case. We will discuss the two cases q = 1 and q = 2 separately. Notice that K 2 ≥ 6 by (0.4). Case q = 2. We assume first that, for η ∈ P ic 0 (S) general, the general curve in |M η | is irreducible of arithmetic genus g. We notice that g ≥ 3. This follows by (0.2) or by the following easy argument: we have
hence g = 2 would imply M 2 = 0, and |M| would be a pencil of curves of genus 2, a contradiction.
Let us fix a general point η ∈ P ic 0 (S) and consider the map µ η which sends the general point η ∈ P ic
Since it depends on η only up to a translation, the dimension of its image is independent of η. Abusing notation, we will simply denote it by µ.
Let us assume first that dimIm(µ) ≤ 1. This is equivalent to saying that F η has some component G η which varies with η: we denote it by G, hoping that there is no danger of confusion. We make our first claim:
, because by proposition (1.1) we may assume K 2 ≤ 8. Since F · M is positive and even, the only possibilities are
In either case we have dimIm(µ) = 0. Otherwise M would describe a family M of dimension r ≥ 2 of curves which is not contained in a linear system. By proposition (0.16) we would have M 2 = 2, and by theorem (0.20), since q ≤ 2, the surface S would not be of general type, a contradiction. Since dimIm(µ) = 0, there is some curve F contained in F , varying in a 2-dimensional family of curves on S not contained in a linear system, and such that all components of F move with it.
If F · M = 4, one has K 2 = 8 and K · F = K · G = 4. Thus any component G of F − G is such that K · G = 0; thus G is not movable. Hence G is the only movable component of F , and therefore G = F . Since the irreducible curve G moves in a 2-dimensional family of curves on S not contained in a linear system, one has 
2 ≥ 1 one has K ·M ≥ 3 and therefore K ·F ≤ 5. If K ·G ≥ 4, then any component G of F − G is such that K · G ≤ 1 and therefore G 2 ≤ −1. Thus G is again the only movable component of F . Since both M and G move, one has M · G ≥ 0; but M · G = 0 is impossible because M moves in a linear pencil and G moves in a non-linear system of dimension 2. Also M · G = 1 is impossible, because otherwise the curves G would be rational.
Consider the rational map
Its image, by the above discussion, lands in the image of M (2) in P ic 2 (M) . By (0.10, b) the map ρ must be dominant, but this is a contradiction since M (2) is a surface of general type. This ends the proof of claim 1.
Let G be a movable component of F . The index theorem and claim 1 yield
The case G 2 = 1 is impossible: in fact by proposition (0.18) the surface S would be isomorphic to the symmetric product of a curve of genus g ≥ 3, which never has invariants p g = 3, q = 2 and K 2 ≤ 8. So we have G 2 = 0. Since K · G ≤ 3, one has indeed K · G = 2 and S would present the standard case, a contradiction which concludes the discussion of the case dimIm(µ) ≤ 1. Now we discuss the case dimIm(µ) = 2. First of all we make:
Since M η is irreducible and moves, the only alternative would be M 2 η = 0. But this is incompatible with dimIm(µ) = 2 and dim|M η | = 1 (see lemma (0.14, i)).
By lemma (2.2), the morphism φ is not birational on a general curve M η and the degree of the morphism φ : M η → Γ η = φ(M η ) coincides with the degree σ of the bicanonical map. By (0.5, i) one has h 1 (S, O S (K − η)) = 0 if η ∈ P ic 0 (S) is general. Then the linear system |K + M η − η| cuts out on M η a complete linear series ξ η of degree 2g − 2. By claim 2 and (0.10, b) the linear series ξ η is not special; hence it has dimension g − 2. Since |K + M η − η| is contained in |2K|, there is a complete linear series γ η on Γ η such that its pull-back via φ is the movable part of ξ η . In conclusion we have
and hence
Let us first discuss the case g ≥ 5. Then σ = 2 and the linear series γ η on Γ η has dimension g − 2 and degree at most g − 1; hence Γ η has arithmetic genus at most 1. Indeed Γ η is smooth of genus 1 by (0.3).
Then we consider the linear series δ η,η cut out on a general M η by the linear system |M η | for η ∈ P ic 0 (S) general. The generic vanishing (0.5, i) implies again that δ η,η is complete. By lemma (2.2), the movable part of δ η,η also comes as a pull-back of a complete linear series γ η,η of Γ η . Since δ η,η has dimension 1, then
where γ η,η is a complete linear series of dimension 1 on Γ η and ϕ η,η is the fixed part. Claim 3. The divisor ϕ η,η , for η general, does not depend on η ∈ P ic 0 (S). In fact the support of ϕ η,η is the intersection of M η with the base locus of |M η |. Under our assumption, i.e. that the general curve M η is irreducible, this base locus is finite. Hence the support of ϕ η,η consists of the points of S which belong to every sufficiently general curve M η . This clearly implies our assertion.
We can now set ϕ η,η = ϕ η . Let us look at the restriction map
By the above discussion, this coincides, up to a translation, with the map
This yields a contradiction. In fact, the image of the map ρ is of dimension d ≤ 1 since Γ η is elliptic, whereas the map µ has image of dimension 2 by (0.10, b) and by the assumption dim(imµ) = 2. Now we discuss the cases g = 3, 4. If g = 3, then ( * ) yields 2 ≤ σ ≤ 4. If σ = 2, we conclude as above. If σ = 3, then the linear series ξ η is a g 1 4 with a base point p.
Hence γ η is a g 1 1 on Γ η , which is therefore rational. This yields that the bicanonical image, possessing the 2-dimensional family of rational curves Γ η , is rational. Hence the curves M η would be linearly equivalent, a contradiction. If σ = 4, again we find that γ η is a g 1 1 on Γ η , and we reach the same contradiction. If g = 4, then ξ η is a g 2 6 . If ξ η has a base point, then it has two base points because it is composite, and then M η is hyperelliptic, contradicting (0.3). If ξ η has no base points, then we have 2 ≤ σ ≤ 3. In any case Γ η has arithmetic genus at most 1. The conclusion is then as above.
Finally we have to discuss the case in which the general curve M η is reducible. Since |M η | is a linear pencil, it has to be composed with an irrational pencil f : S → B, with B, as we know, of genus 1. Moreover M η ∼ 2G, where G is a fibre of f . In fact O S (M η ) is the pull-back, via f , of a line bundle µ η of degree 2 on B.
because S presents the non-standard case. The above inequality proves that K · G = 4 and K · F η = 0, which yields that F η does not depend on η because it is a union of fundamental cycles. This implies that the map
should be generically injective, a contradiction. Case q = 1. Since q = 1, we have χ(O S ) = 3, hence K 2 ≤ 8 < 3χ(O S ). Since we are in the non-standard case, by applying (0.4, ii) we see that the Albanese pencil a : S → Alb(S) is a pencil of hyperelliptic curves of genus 3 and K 2 = 8. Since h 0 (S, O S (2K)) = 11 and (2K) 2 = 32 and |2K| is base point free, the degree of the bicanonical map is 2. Therefore there is an involution ι on S such that a general pair (x, y) of points of S exchanged by ι are such that φ(x) = φ(y). We refer to ι as to the bicanonical involution of S. 
Claim 4. For η any point in P ic 0 (S) and for any pair (G, G ) of fibres of a, one has
is an isomorphism, since it is injective, and h 0 (S, O S (K + η)) ≥ 3. Now we make the following remark:
Remark 1. For η ∈ P ic 0 (S), the fixed divisor F η of |K + η| is contained in a union of fibres of a but does not contain any fibre of a. Hence it does not depend on η, for η ∈ P ic 0 (S) a general point. Since ρ η,G is an isomorphism, we have F η · G = 0, and therefore F η is contained in a union of fibres of a. Assume that F η = G η + F η , with G η a fibre, and F η not containing any fibre by claim 4. Then
Therefore |M η | is composed of a pencil, whose general curve we denote by L, i.e. M η ∼ iL, i ≥ 2. Since M η · G = 4, and since the only irrational pencil on S is the Albanese pencil, we have that |L| is a rational pencil, hence i = 2. Since K · M η = 4, we would have K · L = 2, contradicting the fact that we are in a non-standard case. This proves the remark.
As a consequence we have
Remark 2. For η ∈ P ic 0 (S) general the linear system |K + η| is not composed of a pencil. Suppose to the contrary that |M η | is composed of a pencil, so that |M η | = |iL η |, with i ≥ 2. Since M η ·G = 4, we have i = 2 and |L η | is a rational pencil. Then
By the remark above, the curve L η varies, as η varies in P ic 0 (S) in a 2-dimensional irreducible system of curves on S, not contained in a linear system, whose general curve is irreducible. By lemma (0.14) and proposition (0.16) we find a contradiction. Now there are two cases to be considered according to whether the bicanonical involution ι fixes the general fibre G of the Albanese map a or not. First we suppose that ι does not fix the general fibre G of a. (D) be the corresponding divisor on G . By remark 2 above, the general curve M η is irreducible. Then for the general η ∈ P ic 0 (S) there is one single curve in |M η | containing D and D , and the general such curve is irreducible. Let M be the family described by these curves, which is parametrized by P ic 0 (S). Since M 2 η ≤ K 2 = 8 and since the degree of D + D is 8, two general curves of M only meet at the base points D and D . Hence M is a pencil with base points on S, i.e. it is a rational pencil, contradicting remark 1.
Next we consider the case in which ι fixes the general fibre G of the Albanese map a.
The map φ K+η : S → P 2 , which is surjective by remark 2, restricts on G to the canonical map. Hence the curves of the Albanese fibration are mapped by φ K+η to conics in the plane. We claim that deg(φ K+η ) > 2. Otherwise let C be the family of conics in the plane which are images of the fibres of a via φ K+η , let p be a general point in P 2 and let x, y be the two points of S such that φ K+η (x) = φ K+η (y) = p.
Then, by our assumption on ι, we have that x, y belong to a unique fibre G of a, and the conic φ K+η (G) would be the unique curve of C passing through p. Hence C would be a linear pencil, which in turn would imply that the fibres of a are linearly equivalent, a contradiction. But if deg(φ K+η ) > 2, with the same argument as above we also come to a contradiction by finding a system M of curves parametrized by P ic 0 (S), with base points and no variable intersections. Claim 5 is thus proved.
Finally we prove the following claim, which contradicts claim 4: Claim 6. The curve A := A η,G contains some fibre of the Albanese map. Since A · G = 4, we have A 2 = 0. Since A moves on S we can write A = B + C, where B is the fixed part and C the movable part. Let C 2 > 0. Since K · C ≤ 4, by the index theorem the only possible cases are either C 2 = 1 and K · C = 3 or C 2 = 2 and K · C = 4. The former case can be excluded by using, as we did already before, proposition (0.18). In the latter case we have K · B = 0; hence B · G = 0 and
, a contradiction. Therefore we have C 2 = 0. The assertion follows from the fact that A moves in a non-linear system and the Albanese pencil is the only irrational pencil on S. ♦
The case q = 3
Again we recall that, by [CFM] , all non-standard cases with p g ≥ 4 have q = 0. Hence we may assume p g = 3. In this section we are going to classify the smooth minimal surfaces S with p g = q = 3 and with the bicanonical map φ not birational. First we will deal with the non-standard case. In view of proposition (1.1) and (0.4,i), we may assume that 8 ≥ K 2 ≥ 6. First we will exclude the cases K 2 = 7, 8, and then we will prove in proposition (3.22) that if S is a surface with p g = q = 3 and K 2 = 6, then S is the symmetric product of a curve of genus 3. This proves the first part of theorem B of the introduction. Finally we will classify the standard cases, concluding the proof of theorem B.
Notice that h 0 (S, O S (2K)) = K 2 + 1; hence the bicanonical image Σ of S is a surface of degree deg(Σ) = (iii) The natural map w : Proof. Let us prove (i). If b = 1 the assertion follows by the last part of (0.6). Suppose b ≥ 3. By (0.6) we would get K 2 ≥ 16, contradicting the Miyaoka-Yau inequality, which in the present case reads out as K 2 ≤ 9. If b = 2, arguing as above and using (0.6) again, we have that the only possibility is as stated. We observe that (ii) follows by (i) since, if the image of a were a curve, its genus would be 3.
In order to prove (iii) we remark that if w is not an isomorphism, then there is a non-zero indecomposable tensor ω 1 ∧ ω 2 ∈ ∧ 2 H 0 (S, Ω 1 S ) in the kernel of w. According to Castelnuovo-De Franchis' theorem ( [BPV] , pg. 123), there is then an irrational pencil f : S → B with B a smooth curve of genus b ≥ 2. By (i) and by the assumption we have a contradiction.
Let p be a point of S and let (x, y) be coordinates with origin at p. Let (ω 1 , ω 2 , ω 3 ) be a basis of H 0 (S, Ω 1 S ), and write
It is clear that these same equations define the scheme where Ω 1 S is not generated by the global sections. In view of the isomorphism w :
. This shows that the base locus of |K| is given around p by the same equations as ∆ and that if a has zero differential at p, then p is a multiple base point for |K|. This proves (iii).
As for (iv), we assume |K| has no fixed component. By (0.1), the general canonical curve is irreducible and reduced. The choice of the basis (
S , whose cokernel we denote by T . By theorem 1.22 of [Ca] one has length(T ) = K 2 − c 2 (S) = 2K 2 − 12. We now prove that δ := length(∆) = length(T ). Working locally, and using the Hilbert-Burch theorem, we see that there is an exact sequence
where T S is the tangent sheaf of S. Dualizing the above sequence, we get
, which proves our assertion. The first part of (v) follows by (iv) and the fact that if K 2 = 7, then |K| yields a map of degree five to P 2 . Since σ ≤ 4, we find a contradiction. Let us now prove the second assertion of (v). Let m p be the maximal ideal of the local ring of S at p. We have a natural map
Were r surjective, then the length of the base point scheme ∆ of |K| at p would be 3, contradicting (3.1). Then r is not surjective, and also not injective because In our discussion we will distinguish two main cases: (i) |K| has a fixed part; (ii) |K| has no fixed part, and, according to (0.1) and (3.1), the general canonical curve is irreducible and reduced and K 2 = 6, 8. Let us prove the following lemmas: Therefore the general curve in |V | is irreducible. By (0.2) we have K ·V +V 2 ≥ 8.
and by 2-connectedness of the canonical divisors we get the assertion.
Suppose that K 2 = 8, φ is not birational and
, the linear system |V |, which has no fixed components, has also no multiple base points; hence V is smooth. From the exact sequence
it follows that |2K| cuts out on V a complete, composed, linear series of degree 10 = 2p a (V ). This implies that V is hyperelliptic, contradicting (0.3). ♦ (3.3) Lemma. Let S be a minimal surface of general type with p g = q = 3. Suppose that |K| has a fixed part, and write |K| = F + |M |, where F is the fixed part of |K| and |M | is the movable part. Then:
there is at most one fundamental cycle on S, which can be of the type (A i ), i = 1, 2;
(iii) if M 2 ≥ 4 one has the following numerical possibilities: (B) and then |M | has one simple base point. In both cases the general curve in |M | is non-singular.
(iv) in the cases (A) and (C) of the table F is the fixed part of |K +M |, and in the cases (B) the image of restriction map
Proof. The first assertion of (i) follows by (0.1). By (0.3) we have M 2 ≥ 3. Hence h 1 (S, O S (K + M )) = 0. Then the theorem of Riemann-Roch yields
and one has
, completing the proof of (i). Assertion (ii) follows from (0.8), and the table in (iii) follows easily by (ii), the hypothesis M 2 ≥ 4 and the fact that M · F is a positive even integer. By (i) we have h 0 (S, O S (K +M )) = 6 for (A) and (C) and h 0 (S, O S (K +M )) = 7 for (B) . On the other hand,
and thus we have (iv). Let us now prove (v), for which it suffices to prove that |M | is base point free. Suppose this is not the case. Then, by (0.3), |M | has one simple base point p. By (i) and (iii) we have h 0 (S, O S (K + M )) = 6 and by (3.4) we get h By 2-connectedness of the canonical divisors and M ·F = 2 we get A·F = B·F = 1. Hence, since M · A ≥ 1 and M · B ≥ 1, we have the following possibilities:
Case (a) cannot occur. In fact since A is 1-connected by (0.11), M · A = 1 and p ∈ A yield that the image of the restriction map
, and so we have a contradiction to (3.2).
As for case (b), let us notice that if Γ is an irreducible component of A such that 
. By (0.9) there is an irrational pencil f : S → B such that a multiple mC of C is a curve of the pencil. Since there is no irrational pencil of curves of genus 2 on S, we have m ≥ 2, which, in view of the presence on S of the curve D, contradicts (0.21). Therefore also case (b) cannot occur, and hence |M | is base point free.
Finally, if K 2 = 7, 8 and φ is not birational, we have σ even, excluding M 2 = 3. In cases (A) of the table in (iii) the system |M | is base point free by (v). In cases (B) , since σ is even, |M | must have a simple base point. The last assertion follows by the theorem of Bertini. ♦ Now we first exclude the cases (A) and (B) of the table in (iii) of lemma (3.3); then we will exclude also the case K 2 = 8 and |K| with no fixed components. Finally we will discuss the case K 2 = 6, proving that S is then the symmetric product of a curve of genus 3.
Case φ not birational, K 2 = 7, 8, and |K| having a fixed component. We now assume φ not birational, and we first discuss, and exclude, the cases (A) in the table of lemma (3.3, iii). Then |M | has no base points by lemma (3.3, v, vi) . Furthermore, we have (3.5) Lemma. In case (A 1 ) there is a pencil f : S → E with elliptic base E, and a multiple mF of F , with m ≥ 2, is a curve of the pencil.
Proof. The curve F is 1-connected by (0.11). Since p a (F ) = 2, it follows that h 1 (S, O S (−F )) = 0, and (0.9) yields the existence of an irrational pencil f : S → E such that a multiple mF of F is a curve of the pencil. The rest of the assertion follows by (0.7). ♦
We can now prove (3.6) Lemma. In case (A 1 ) the fixed curve F is irreducible, and in case (A 2 ) it is 2-connected.
Proof. Case (A 1 ). By lemma (3.3, ii) we have that K is ample and K · F = 2. So, if F is reducible, one has F = F 1 + F 2 with K · F i = 1, and F i is irreducible, i = 1, 2. The index theorem says that F
Therefore we have the following possibilities:
, which is excluded since |M | is base point free (see lemma (3.3, v, vi) ) and the F i 's are elliptic.
In case (ii) we apply (0.6) and get 4 = c 2 (S) ≥ 1 + 2m;
hence m = 1, a contradiction. Case (A 2 ). Suppose F , which is 1-connected by (0.11), is not 2-connected.
By 2-connectedness of the canonical divisors and since M · F = 2, we have
Since M has no base points, this yields h 0 (F 1 , O F1 (M )) ≥ 2, and therefore, as p a (F 1 ) = 1, the curve F 1 is reducible and not 2-connected (see [CFM] , proposition (A.5)). Therefore By lemma (3.3, ii) , we must have that F 2 and G 2 are (−2)-curves meeting transversally at one point. Then, since 1 =
, which is 1-connected by (0.11), is not 2-connected and contains a curve of arithmetic genus zero which is met at one point by the curves of |M |, i.e. it contains F 2 and we have G 1 = F 2 + H, with H effective and H · F 2 = 1. 
Proof. Since F is 2-connected with p a (F ) ≥ 1, M is nef and M · F = 2, one has that the image of the restriction map M ) ) is at most 2-dimensional. But |M | being base-point free forces this image to be 2-dimensional, so we have the first part of the assertion. Proof. Assume that F is reducible, and let us consider the map
It must be surjective, as otherwise F would be in the fixed part of |K +F |, and since F has some singular point, this is against theorem (0.12, a) and the 2-connectedness of F . Therefore h 0 (S, O S (K + F )) = 4 and |K + F | = |2F + M | is base point free, since |M | is base point free.
Now we look at the morphism φ K+F , which contracts F to a point p. Since (K + F) 2 = 8, its degree is either 4 or 2. If it is 4, it maps S to a quadric Q. We notice that p is a smooth point of Q. Otherwise, since on composing φ K+F with the projection of Q from p to a plane we have the rational map φ K = φ M , we would have a contradiction to lemma (3.3, i). Let |L| be the linear system on S whose general member is the strict transform via φ K+F of a general line of a ruling of Q. Clearly L · F = 0, because F is contracted to a smooth point of Q. Moreover, since L · (K + F ) = 4, one has K · L = 4. This contradicts lemma (3.2), because L < M < K. This proves that the degree of φ K+F cannot be 4.
Suppose that the degree of φ K+F is 2. Then the degree of φ K+F on a curve of |M | is also 2. On the other hand, since we have equality in formula (3.4) and the degree of φ M is 4, the degree of φ 2M is also 4. Since, by (3.3, iv) one has |K + M | = |2M | + F and |K + F | + (M − F ) is contained in |K + M |, we find a contradiction. ♦ We explicitly notice that, since F is irreducible in both cases (A), by proposition (3.1, iii) there are no smooth rational curves on S.
Now we are ready to prove (3.10) Proposition. The cases (A) cannot occur.
Proof. Case (A 1 ). Suppose that (a) of table (3.8) happens. Since K · A = F · A = 1 and, as noted above, there is no smooth rational curve on S, the curve A will be irreducible with p a (A) = 1, and the pencil f : S → E, which exists by lemma (3.5), induces a dominant morphism f : A → E, contradicting (0.21). Also (b) cannot occur. In fact since M · A = 1, and since |M | is base point free, A should have some smooth rational component, whereas there is no smooth rational curve on S.
In case (c) we have Case (b) is again excluded, since it would imply the existence of base points for |M |.
As for (c), it also cannot happen. In fact we may assume F ≤ A. We find
, we find a contradiction to lemma (3.2). If A − F is not 1-connected, in particular it is reducible and we
Since there are no smooth rational curves on S, the curves A 1 and A 2 are irreducible curves with arithmetic genus 1. If we put D = F + A 1 , we have K · D = 2, D 2 = 0, and A 2 · D = 1, and we find again a contradiction to (0.21). ♦ Next we turn to the discussion of the cases (B) . Here the general curve in M is irreducible and non-singular by lemma (3.3, vi) . Furthermore, by (3.3, ii) we see that F is irreducible in case (B 2 ), whereas in case (B 1 ) it is a fundamental cycle of type (A i ), i = 1, 2. In particular, if F is an irreducible component of F , one has F · F < 0 and M · F > 0. Thus, by (3.1), every smooth rational curve θ in S is such that M · θ > 0. 
Case ( The curve D is irreducible with p a (D) = 1, (M) , and thus the last assertion is proved. ♦ (3.12) Proposition. Cases (B 1 ) and (B 2 ) do not occur.
Proof. By lemma (3.3, iv) we know that the image of the restriction map r : Set N = D + F in case (B 2 ) and N = D + D + F in case (B 1 ). Then N 2 = 0 and K · N = 2, and N is 1-connected by (0.11). As usual (cf. lemma (3.5)) this yields the existence of a pencil with elliptic base of which mN , for some m ≥ 2, is a fibre.
In case (B 2 ) we have a contradiction to (0.21), since D · N = 1. In case (B 1 ) consider the long exact sequence obtained from
From h 0 (N, O N (N )) = 0 and q = 3 we obtain h 1 (S, O S (N )) ≥ 3. Applying the theorem of Riemann-Roch to N we obtain
Clearly h 0 (S, O S (N )) = 1, and since N is not contained in the fixed locus of |K| we have h
, and the general curve in |B| is irreducible. In fact let Γ be the fixed part of |B|. By lemma (3.2) one has K · Γ = 0, hence N · Γ = 0, and therefore B · Γ = 0. Then (B − Γ) 2 < 3, contradicting lemma (3.2). Since B · F = 0, there exists B ∈ |B| such that B = A + F with A a curve such that A · F = 2, A 2 = 1 and K · A = 5. Now consider the restriction map t :
) has also dimension 2. This yields that the image of t is at least 3-dimensional, which implies h
) > 0 and therefore A is not 1-connected (see [B] , pg. 178). Then, since A · F = 2 and B is 1-connected (see (0.11)), one obtains A = A 1 + A 2 , where A 1 , A 2 are curves such that A 1 · A 2 = 0, A 1 · F = A 2 · F = 1. By 2-connectedness of the canonical divisors we have 2 In the second we would obtain a second irrational pencil with elliptic base, with mA 1 , for some m ≥ 2, a curve of the pencil, and in addition A 1 · F = 1.
We have proved so far that |K + M | cannot have two distinct base points on F . Whence, we may now turn to the case in which there is only one base point for |K + M |. Let p be this base point lying on F and let D be the curve as in (3.11) passing through p. Now every divisor in |M | is 1-connected and
, the image of the restriction map
is 1-dimensional and therefore |K + M − D| has base points on F . Let s be the restriction to F of the section in H 0 (S, O S (D)), which is non-zero on F and vanishes only at p. Then s · Im(ρ) is 1-dimensional and is contained in Im(r), which, as we saw, is also 1-dimensional. Hence s · Im(ρ) = Im(r). Since the only point of F where the sections in Im(r) all vanish is p, then the same happens for the sections in Im(ρ), i.e. p is the unique base point of
, this implies that also the image of the restriction map Proof. Assume, to the contrary, that σ = 4. Let C be the general curve in |K|. Then φ(C) would have degree 4 and it should span a P 5 , a contradiction. ♦ From lemma (3.13) we deduce the existence of the bicanonical involution ι (cf. the case q = 1 in the proof of proposition (2.1)). Notice that ι acts as the identity on |K| and |2K|.
(3.14) Lemma. Let the bicanonical map φ have degree 2, and assume that q ≥ 3 and there is no irrational pencil on S of genus at least 2. Then, if i is the involution associated to φ, then i * acts as
has an eigenspace of dimension ≥ 2. Thus we get two linearly independent 1-forms whose exterior product is non zero, and yields a (+1)-eigenvector in H 0 (O S (K)). We conclude since by our assumption we knew that i * would act either as +1 or as Proof. It is well known that q = 3, and Alb(S) J(C) := P ic 0 (C). If one fixes a theta-characteristic κ on C, the Albanese morphism coincides with the Abel-Jacobi map a : x+y ∈ C (2) → O C (x+y−κ) ∈ J(C). The image of C (2) via a is a symmetric theta divisor Θ which determines a principal polarization of J(C). Notice that Θ is smooth if and only if C is not hyperelliptic, whereas, if C is hyperelliptic, it has a double point which comes from the contraction of the rational (−2)-curve F described by the divisors of the g 1 2 , which is the only rational curve on C (2) . In any event Θ is nothing but the canonical model of S. Θ ) is surjective. Since the linear system |2Θ| is composite with the involution induced by the natural action of Z 2 on J(C), the same happens for |ω ⊗2 Θ | on Θ, which is symmetric, i.e. stable for the Z 2 -action. This proves the first assertion.
By proposition (3.1, i) there is no irrational pencil on S, which proves (iii). Let us look now at the following chain of isomorphisms:
, Ω 2 C (2) ), which gives rise to a projective transformation
In geometric terms, f is described as follows. A point of P(H 0 (C, O C (K C )) * ) is a linear series ξ of dimension 1 contained in |K C |. Let T ξ be the curve on C (2) described by all divisors x + y such that x + y < D ∈ ξ. The map f sends ξ to T ξ . With this description of the canonical curves on S in mind, assertions (i) and (ii) are clear. Notice that the fact that |M | is base point free in part (ii) also follows from (3.1, i) and (3.3, v) . ♦ (3.21) Remark. The properties of the canonical system of C (2) could also be deduced from the isomorphism H 0 (Θ, N Θ,J(C) ) H 0 (Θ, ω Θ ). In fact in the hyperelliptic case Θ is singular with all its translates. Hence all its infinitesimal deformations, i.e. all sections of H 0 (Θ, N Θ,J(C) ), vanish at the singular point, showing that |K| has the fixed component as stated in proposition (3.20). On the other hand, in the non-hyperelliptic case Θ is smooth, and it is clear that the infinitesimal deformations do not vanish simultaneously at any point of Θ, showing that |K| is base point free on C (2) .
Now we are ready to prove the following proposition:
(3.22) Proposition. Let S be a surface with p g = q = 3 and K 2 = 6. Then S is the symmetric product of a curve of genus 3.
Proof. First we assume that |K| has no fixed components. By proposition (3.1, iii, iv) the Albanese map a : S → S ⊆ Alb(S) is unramified. Then proposition (4.1) of [De2] implies that a is an embedding.
Let us write S ∼ iD, where D is an effective indivisible divisor on Alb(S), determining a polarization of type (1, d 1 , d 2 ). Then 6 = K 2 = S 3 = i 3 D 3 = 6d 1 d 2 i 3 , which implies i = d 1 = d 2 = 1, proving our assertion. In fact a smooth theta divisor on a principally polarized abelian threefold is the symmetric product of a curve of genus three.
Assume now that |K| has a fixed component. By lemma (3.3, i) we are in case (C) of the table in the same lemma (3.3, iii). We have |K| = F + |M |, with F a fundamental cycle. By lemma (3.3, v) , the linear system |M | is base point free. Let π : S → X be the contraction of F which gives rise to a normal surface X, and let x be the singular point of x. The Albanese map a : S → S ⊆ Alb(S) factors through π and through a map b : X → S ⊆ Alb(S). The map b is unramified at the smooth points of X because |M | is base point free. In order to again apply Debarre's result to b, thus proving the assertion, we have to prove that b is also unramified at x.
Suppose b is ramified at x. Note that the codifferential of b at x is the map
where Ω 1 X is the sheaf of Kaehler differentials of X and m x is the maximal ideal of X at x. Note that H 0 (S, Ω 1 S ) H 0 (X, Ω 1 X ) via the map π * . Then b ramified at x means that there is a non-zero form η ∈ H 0 (X, Ω 1 X ) which is zero at x. Let η 1 and η 2 be forms in H 0 (X, Ω 1 X ) forming with η a basis of H 0 (X, Ω 1 X ). Then the 2-forms ω i = η ∧ η i , i = 1, 2, are linearly independent elements of H 0 (X, Ω 2 X ), which both vanish at x. Now we observe that if ω ∈ H 0 (X, Ω 2 X ) vanishes at x, then the form π * (ω) vanishes with multiplicity two along F . This is an obvious consequence of the following remarks: (i) A rational double point is locally embedded in C 3 with coordinates (x 1 , x 2 , x 3 ). Then a 2-form vanishing at x is of the type ω = 1≤i<j≤3 a ij dx i ∧ dx j , with a ij holomorphic functions vanishing at x.
(ii) A rational double point can be resolved with a finite number of blowing-ups with centres at rational double points.
(iii) Any holomorphic 2-form on C 3 pulls back, on the blow-up of C 3 at a point, to a form vanishing along the exceptional divisor.
In conclusion we have that b ramified at x would yield h 0 (S, O S (K − 2F )) = h 0 (S, O S (M − F )) = 2. This in turn would imply that |M | has two base points on F , against lemma (3.3,v). ♦
The standard case. Finally we classify the standard cases with p g = q = 3. Actually, improving on proposition (3.1,i), we prove the following more general result: Proof. The first assertion is (3.1,i). Let us assume now that b = g = 2. Then Aut(F ) is finite and f is given by a representation ρ : π(B) → Aut(F ). Hence ker(ρ) corresponds to a finite, unramified, Galois cover ϕ : C → B with Galois group G := Im(ρ), such that the pull-back of f via ϕ is a product
The group G acts on both C and F , and clearly In any case G is abelian, and we claim that this implies that γ cannot be branched at only one point x. Otherwise γ would yield a representation π 1 (E − {x}) Z Z → G which would factor through π 1 (E) Z × Z → G, implying that γ is unramified, a contradiction. Thus the only possibility is k = 2, m = m 1 = m 2 = 2, proving the assertion.
Finally, notice that if we have two smooth irreducible curves C and F , the former of genus 3, the latter of genus 2, and an action of G = Z/2Z on C and F , free on C, such that B := C/G has genus 2 and E := F/G has genus 1, then G acts diagonally on F × C and the action is free. The quotient S F × C/G has q = 3 by (3.24) and χ(O S ) = 1 2 χ(O F ×C ) = 1, whence p g = q = 3. ♦
